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Abstract: We generalize the formulation of Poisson-Lie T-dual sigma models on manifolds 
to supermanifolds. In this respect, we formulate 1+1 dimensional string cosmological 
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fermionic fields. Then, we solve the equations of motion of the models and show that there 
is a essential singularity for the metric of the original model and its dual. 
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1. Introduction 

Two-dimensional sigma models with supermanifolds as target space have recently received 
considerable attention, because of their relations to superstring models. The first at- 
tempt in this direction dates back to about 3 decades ago [||, where the flat space GS 
superstring action was reproduced as a WZW type sigma model on the coset superspace 

(^ "^50(9^1)"^'^''^''°"^ ) • Then, this work is extended to the curved background ^ and 

shown that type IIB superstring on AdS^ (8> S^ can be constructed from sigma model on 
the coset superspace 50(4 lugofs'i • ^^^^^ then, superstring theory on ^^5*3 S^ is related 
to WZW model on PSU{1, 1|2) Q and also superstring theory on AdS2 fX" 5*^ is related to 
sigma model on supercoset {/n\xj7m @- There are also other works in this direction, see 
for instance [^. 

On the other hand, T-duality is the most important symmetries of string theory Q. 
Furthermore, Poisson-Lie T-duality, a generalization of T-duality, does not require existence 
of isometry in the original target manifold (as in usual T-duality) [^. So, the studies of 
Poisson-Lie T-duality in sigma models on supermanifolds and duality in superstring theories 
on AdS backgrounds are interesting problems. In the previous paper [Q] we extended 
Poisson-Lie symmetry to sigma models on supermanifolds and also constructed Poisson- 
Lie T-dual sigma models on Lie supergroups. In this paper, we formulate Poisson-Lie 
T-dual sigma models on supermanifolds as an extension of the work . Then, using this 
formalism we construct 1+1 dimensional string cosmological models as one of the first 
examples of string cosmological models that have a Poisson-Lie symmetry. 



The paper is organized as follows. In section two, we generalize the formulation of 
Poisson-Lie T-dual sigma models on manifolds to supermanifolds. In section three, as an 
example of Poisson-Lie T-dual sigma models on supermanifolds, we construct these models 
by using Lie supergroup C^ and its dual (Ai^i + 2A)°-^ q q and choosing orbit superspace 
as one-dimensional space with coordinate {y"} = {t} as time. In this way, we obtain 
1+1 dimensional string cosmological models which are coupled to two fermionic fields. In 
this respect we give the one-loop beta functions equations for a general sigma model on 
supermanifold Q and write string effective action on supermanifold in the beginning of 
this section. Then, we solve the one-loop beta functions equations for the original model 
and its dual and show that there are some solutions which have singular points. Then, 
by writing of the Kretschmann scalar invariant on supermanifolds we show that some of 
these singularities are essential for the model and its dual. For self containing of the paper 
we write some mathematical properties of matrices and tensors on supermanifold that we 
need in this paper, as appendix. 

2. Super Poisson-Lie T-dual sigma models on supermanifolds 

In the previous work ||8[, we extended Poisson-Lie symmetry to sigma models on super- 
manifolds and also constructed Poisson-Lie T-dual sigma models on Lie supergroups. In 
this section as a continuation of that work we formulate Poisson-Lie T-dual sigma mod- 
els on supermanifolds^. Consider a two-dimensional sigma model for the d field variables 
X^ = {x^, y") where x^ (/x = 1, • • • ,dim G) are coordinates of Lie supergroup G that act 
freely from right on supermanifolds M. The {y°} are coordinates of the orbit O = -q. 
In this respect, one can construct a sigma model on M with super Poisson-Lie symmetry 
similar to R for ordinary Poisson-Lie symmetry. 

Consider a linear idempotent map /C(y): T*0®TyO®V — > T*0®TyO®V where 
^= Q ® Q, ^ is the Lie superalgebra of the Drinfeld superdouble group D oi G (with Lie 
superalgebra Q). It has two eigen superspaces TZ±{y) C T*0 © TyO © V with eigenvalues 
±1; such that dim TZ±{y) =dim G + dim M. These eigen superspaces may be considered 
as a graph of nondegenerate linear map E^{y): TyO © Q — > TyO © ^ Q 

T^±{y) = Span{t±E^{y){t,.), teTyOeG}, (2.1) 



^Here we generalize the results of Ref. i7| to the supermanifolds and in this direction we use the DeWitt 
notations H for supermanifolds. 

^Let (Q, Q) be a Lie superbialgebra [hol, llll]. There exists a unique Lie superalgebra structures with the 
following commutation relations on the vector space Q (B G such that Q and Q axe Lie superalgebras and 
the natural scalar product on tj © ^ is invariant ||10| , |ll2| 

[x,y\T> = [x,y\, [x,i]T> = -(-l)'^"^'ad5X + ad*^^, [C, »?]-D = [C,??]^ \/x,yeQ\ ?, ?? G ^, 

where 

< ad^^y , C > = -(-l)l^ll^l < y , adl^ >, < ad^-q , x > ^ _(_l)l«ll''l < ^ ^ ad}x > . 

The Lie superalgebra D — Q (BQ (related to the Lie supergroup D) is called Drinfel'd superdouble. 



such that with translation of this graph to the point 5 G G we have 

g-^n±{y)g = Span{XA±E^j,{g,y)X^], (2.2) 

where {Xa} = {da = -^ , Xi} and {X^} = {dy",X^} are the basis for the superspaces 
TyO © Q and T*0 © Q^ respectively. The matrix E^^{g,y) is a d-dimensional matrix as 
follows: 

EABi9,y)- |^^±(^^^) ^^^(^) J, (2.3) 

where the minus sign (-) stands for supertranspose, i.e., E~^ij = E~- = {—ly^E^-, <l>~^ = 
(_X)*"<|)+ . Now, similar to Q we can write vector superspaces Tl±{y) as follows: 

g-'n±{y)g = Span{g-'XAg±E^^{e,y)g-'x''g}, (2.4) 

such that 

where e is the unit element of G such that EQ-{e,y), F-g{e,y) and F^Jy) are subsuper- 
matrices with elements as functions of y with F^ = (— l)*"i^^. Now using the following 
relations: 

g-^XAg = A{g)/ bX = {-lfA{g)A'' Xb. (2.6) 



g-^X^g = Bigf'^cX + DigfcX^ = {-if B{gf^ Xc + D{gfc X'^ ^ (2-7) 



one can obtain an expression for the background matrix E^^ 

E^j,{g,y)=A{g)A^ c[A{g)+E^{e,y)B{g)) DE^{e,y), (2.8) 

where 

Now in the same way as |^, ^ and using the following equation of motion on the Drinfel'd 
superdouble D: 

<~i±ir^ + w + v , TZ±{y)>=0, l£D, (2.10) 

where w = Wady'^ and v^^'^' = v^^'^' ^^ are left invariant one-forms and left invariant 
vector fields with left derivatives on the supercoset -^, respectively; one can obtain the 
following action 

S= \j de^ dC [ii?^ AE^ig,y) df - \r^^\ 
= \Jde/\ dC [ii?' ^E|{g, y) R^!}' + uf .$+(5, y) d.y^ 
+ a+y°„1>+(5, y) R^^' + d+y'^a^^{y) a_/ - ^R^^'^^ig, y)] , (2.11) 



where R^'^' is the curvature of the world-sheet, ip{g, y) is the dilaton field and 



(ir 



(2.12) 



Rl^ = {rI^ , 5±2/°}, Ri^ = {d±g g-'f = 9±x^ ^i?« , 



are right invariant one- forms with left derivatives. Furthermore, using Eqs. (p.3|), ( p.5| ) 
and (p.9D we have 



(2.13) 



n^^{g)= B^^{g)cA'^''{g), H'^ {g) = U\g) ,,a-^\g) , 
ip{g,y) = ip^y"") + In sdetUEj + {g,y))- In sdet{^E+{e,y)). 



Note that the last equation is a quantum effect and it is a generalization of bosonic case 
1 13]. In that equation, tp^ is a the scalar field and function of the variable y" only. In the 
same way, one can obtain the dual sigma model (as [^ , [Q and ||l^ for the bosonic case) 



± 
uFr , 



s= ^ I de/\ dC 



o(0 1 
4 



R%E+^''{9.y)BR'^--A'^my) 



2 / ^r A dc 



i?2^+^^(9,y),i?? + ^S^it(5,y)a 



+ a+y-„|.+ ^(5,y) .M-J + d+y''^^p{y) d.y^ - -R^^^^{g,y) 



where 



such that 



E+''^{g,y) = ({E+rHe,y) +my) 



\AB 



E+{e, y) = {A + E+{e, y)B) \c + E+{e, y)D), 



and 



A 







B 



%0 



c 



.<5J 




D 







i) Jf^ I' " V 

Using Eq. ([2^) for E^^{e,y) one finds 

4+^^(e) = ((i?o+)-i)^^(e), ^F+ = ^((i?o+)-^)^' ,F,+ , 



(2.14) 

(2.15) 
(2.16) 
(2.17) 

(2.18) 
(2.19) 



and from Eq. ( p. 15 ) we have 

^$t= ±E^''{~9^y),F^, (2.20) 

^C9,y) = v\y'')+\nsdet{E^'\g,y)). 
Note that in the above calculations, all relations are the same as and |14], but one must 



be careful that matrices are supermatrices and in calculating their inverses, products, etc, 
one must use from the rules of super inverses, superproducts and etc [see, appendix A]. 

3. String cosmological models 

Now by use of the actions (2.11) and (2.14) one can construct string cosmological models on 



super manifold. For this purpose we note that those actions in general, have the following 
form: 

S = ^Jd^+A cir [d+x^ {aGb + ABB)d^x'' - ^iJ^^V] • (3.1) 

The one-loop beta functions relations for the above sigma models on supermanifolds have 
the following form H: 

/3^^V7V= Rmn + -^HmpqH^^j^ + 2'^m'^n^ = ^, (3.2) 

P^''^NP= {-I)''^''{e-^''HMNP) = 0, (3.3) 

/3(^) = -R- ^HmnpH''''^' + 4^M<^^*V - 4^M^*V = 0, (3.4) 
where 

Hmnp = ^B^p + (-1)*^(^+^) Jv^PM + i-lf^'''-''^^BMN, (3.5) 

is the torsion field with the following symmetry properties: 

HMNP = -{-lf''HMPN = (-l)^^(^+^)//^PM = (-l)^(*^+^)FpM7V. (3.6) 

Indeed the above beta functions relations are equations of motion for the following effective 
action on supermanifold 

Seff = I d^^^x VGe-^'^lR + 4^M^^^V + ^HmnpH""^^'], (3.7) 

where vG (with G = sdet{AG b)) and d^'^x are measure and volume element on super- 
manifold, respectively, with m bosonic and n fermionic coordinates. Furthermore, these 
one-loop beta functions relations are Einstein field equations which have coupled to bosonic 



and fermionic matters. For the bosonic case, in Ref. [^], it has shown that the effective 
action is invariant under Poisson-Lie T-duahty; furthermore, it has obtained a functional 
relation between one-loop beta functions of the original and dual models and consequently 
showed that the conformality of the models are invariant under Poisson-Lie T-duality^ . In 
this way, similar to the consequence of the previous section, we expect that these proofs 
can be extended and satisfied to the case that the target space is a super manifold^. 

3.1 An example 

In this subsection we construct 1+1 dimensional string cosmological models that are cou- 
pled to two fermionic fields. In this respect, consider the Lie supergroup C^ with the 
following Lie superalgebraic relation [|l^], |17]: 



[Xi , X3] = X2, (3.8) 

where its dual Q = (vli,i + 2A)^qq has the following anticommutation relation [^]: 

{X^ , X^} = X^, (3.9) 

and nonzero (anti)commutation relations for the Drinfel'd superdouble V = (C^, {Ai^i + 
2A)5oq) have the following form^ Q 

[Xi,Xs] = X2, {X\X^} = X\ 

[Xi, X^] = -X2-X\ {X3,X^} = -X\ (3.10) 

such that the {Xi, X^} and {X2, X3, X^, X^} are bosonic and fermionic basis, respectively. 
Note that as above discussion, the reason for choosing Lie supergroup C^ is the fact that 
its adjoint representation is traceless so that in this way the conformality under duality 



is preserved |16|. Now, choosing parametrization for the Lie supergroups C and (Ai^i + 



2A)5 00^^ construct the model and its dual. 



3.1.1 Model 



For the Lie supergroups C^ we choose the following parametrization:^ 

g^^xXi^^X2^xXB^ (3.11) 



^Note that in those work it has shown that for preserving of conformal invariant, the trace of the adjoint 
representation of the structure constants related to the Lie group G and its dual G must be zero. 

*Of course similar to the bosonic case |l6| these proofs are very lengthy and we leave those calculations 
to the another work. 

^Note that these (anti)commutation relations have been written in the nonstandard basis. If someone 
wishes to write these relations in the standard basis, it suffices to multiply the structure constants of the 
anticommutators by i = \/— 1. 

®Note that the structure of supergroup is fully defined by specifying a coproduct and antipode on 



the space of functions on it. Our local parametrizations (3.11) and (3.44) together with the superalgebra 



relations (p^) and (3.£) give however an equivalent information if we take the respective underlying bosonic 



subgroups contractible. 



where the x is bosonic parameter and ip,x are ferniionic ones. Now using Eqs. ( p. 61) , (| 
and ( p.l3| ) we have 

/o o\ 



ff^(5) 



-X 




(3.12) 



Finally, choosing the orbit O = -^^ as a one-dimensional space with time coordinate {y°} = 
{t}, using the Eqs. ( |2.11| ), (|2.13| ) and assuming q,F^ = f{t) and iF^i^ = we obtain the 
following action for the original model: 



s= \ [dt^ dc [a+t /(t) a_t + a+x -^ a_x - a+v ^ 9_x 

2 y L a(t) e(i) 



^+X -7TT ^-"0 - 5+X ^TTT 

e(t) e^(t) 



a_x-^i?(^V°(0 



(3.13) 



where we have chosen the constant matrix (-Eq ) as follows: 



iE', 



Such that for this model we have 



-lij 



a{t) 
e{t) 
-e{t) 



(3.14) 



Gab 



I fit) 








\ 




V 







1 
1 



e(t) 



Sab 



/O \ 





(3.15) 



Now one can construct the beta functions equations ( p.2D -( |0| ) for the action ( 3.13| ) with 
assuming (p = ^^{t) = 0. For this action using ( |3.5D one can obtain the nonzero components 
of Hmnp as follows: 



H, 



033 



X-(^-) 



H 



133 



^e2(t)) 



so for this example Hmn = HmpqH ^y = and H^ = HmnpH 
beta function relations are rewritten as follows: 

/3 MN = RmN = 0, 

/3(^Vp = (-1)^^*^^M^P = 0, 
piv) = R = 0, 



(3.16) 

PNM ^ Q. ijg^pg^ ^i^g 

(3.17) 
(3.18) 
(3.19) 



where the nonzero components of Rmn are Rqo, Ru and i?23- Note that in this way we have 
a Ricci flat supermanifold. After some calculations the relations ( 3.17| ) have the following 



forms 



Ri 



00 



1 r d a af c? d e ef e^' 



0, 



R 



11 



R' 



1 r d a df a? ed 

2VdV'^f'^2^^2^^1^ 

ed 



23 



1 \ d , e . ef 

:) + 



+ 2- 



e^ 



dVe'^f 2e2/2 2e2a/ e^/ 



0, 



0, 



where dot stands for time derivative. Furthermore, the relation (3.19) leads to 



R 



d ,d e, ef df de e^ 

■(--2-) + 4- 7^7 + 



fldt^a e' ' ef 2af ' ae 2e2 2a2 
and only the nonzero component of f^^ ' j\fp is 



0, 



(3.20) 
(3.21) 
(3.22) 

(3.23) 



/3(^) 



-2x 



33 



d e ef ed , e' 



-(t) 



+ 



-4x 



e{t) 



R23 = 0. 



(3.24) 



/e2 Idt^e' 2ef 2ea e^ . 
Now, by combination of Eqs. ( 3.21D , ( |3.22 ) and ( |3.23| ) we obtain the following constraints: 

d 






(3.25) 



(3.26) 



^ln(„W) - i|,„(„(t))|,n(/W) - i(ll„(„(t),)= = 0. 



After substituting the constraint ( |3.25| ) into the Eq. ( p. 20] ) we obtain the following equation: 

(3.27) 
The general solution for the above equation has the following form: 

a{t) = cie-2^W, 
where 



(3.28) 



A{t) 



vmdt' 



ci,c2 e 5R. 



(3.29) 



[/' y^fW)dt" + C2] 

Furthermore one can obtain the following special class of solutions for the above equation: 
oo _,,x _ J.,,, /o 



ait) 



e{t) = eo, fit) 



(t-ao)' "^"^ """ '"^''' it-ao)' 
iii) a(t) = aoe^«*, e(t) = eo, /(t) = /oe"^"*. 



(3.30) 
(3.31) 



On the other hand, by substituting the constraint ( 3.26 ) into the Eq. ( |3.20| ) we obtain the 
following equation: 



^ MeW) - 1^ M/W)^ ln(.W) + 1 (I ln(.W)) ' = 0. 



(3.32) 



The general solution for the above equation has the following form: 

e{t) = cie^^W, (3.33) 

for which we obtain the following special class of solutions: 

(m) a(t) = aoei^«*, e(t) = eoe'=«*, /(t) = /oe^, (3.34) 

(v) a{t) = ao{t--fof, e(t) = eo(t-7o)', /(t) = 7-^^, (3.36) 

[t - To) 



where oq, cq, /q, 601 cq, ao) /^o and 70 are real constants. We see that the class ( |3.30| ), ( 3.35| ) 
and ( |3.36D of solutions have singular points at t = ao,t = f3o and t = 70, respectively. 
To investigate the type of singular points we write the Kretschmann scalar invariant for 
super manifold as follows: 

K = R'J'^'^RijKL- (3.37) 

Using the matrix representation, we rewrite this formula in the following form^: 

^ ^ _1'^\I+J+L+IJ+IN+IL + JL+MK+NK+LKqKP I'n \ qQL ,p, n qJNqIM 

= -[-iy+J+K+L+IJ+IK+IL+JK+.JL+IN+LK^^^(^(j-l ^^^^ ^-1 R^j^G'^'G'^', (3.38) 

where {Rmn)pq = Rmnpq- Now using the following form of the metric of the original 
model 

ds^ = dx^ aGb dx^ = (-1)^^ Gab dx^ dx^ 

= f{t)dt^ + J- dx2 - J- di;dx + -^ dxdi;, (3.39) 

a{t) e[t) e[t) 

and after some calculations one can obtain the general form of the Kretschmann scalar 
invariant for the model as follows: 



-? 



da af d^ \2 ^f d .e ef e^ \2 ^2^2 3^4- 



For solutions (i) and (ii) the Kretschmann scalar invariant vanishes and for the solutions 
{in), (iv) and (f ) we have 

4/0 

84 
K^iv) = T^{t-f3of, (3.42) 

Jo 

We see that in the latter case the Kretschmann scalar invariant is singular for the point 
t = 7o; therefore this singular point is essential. 



''Note that this matrix representation is useful for simphfying the computations. 



3.1.2 Dual model 

In the same way, one can construct the dual model on the Lie supergroup (Ai^i + 2A)5 q o 
using the following parametrization: 



~g = e-^'e^^\^^\ 



In this case, we find 



/o -V^' 



^iM 





\^V' 

and using the equations (|2.14|)-p.20) the dual action is obtained as 



(3.44) 



(3.45) 



~S= \ I de/\dC 



d+t f{t) d-t + d+xa{t) d-x + d+x [a{t)e{t)ijj 



2 / 



5_V 



a+V- ( a{t)e{t)^ + !^i^\ d^x - d+4> e{t) d-X + d+X e{t) d.ip - ^R'-^^^] , (3.46) 



such that for this model we have 



ffit) 



Gab 



a{t) -^ 



\ 



V 









Bab 



/O o\ 

a{t)e{t)'ijj 

-a{t)e{t)tp 

\0 0/ 



. (3.47) 



-^ e{t) 
-e{t) J 

Note that for the above action the nonzero components of H have the following forms: 

d 



Hi 



012 



dt 



a(t)e(t) V, 



H 



122 



-2a{t)e{t). 



Also, by taking the if = ip^{t) = and using the last equation in ( p.20| ) we find 



c^ = ln( 



e^t)'- 



(3.48) 



(3.49) 



Now using the Eq. (|1|) we obtain that Hmn = HmpqH^^j^ = and H"^ = HmnrH^^^ 
= 0; in this way the relations (|3.2|)-(|3^) take the following forms for the dual model: 



/3(^) 



MN 



p(B) 



Rmn + 2^M^N^ = 0, 



(3.50) 
(3.51) 
(3.52) 



where the nonzero components of Rmn and v mv N'f have the following forms, respec- 
tively, (see, appendix A) 



10 



af ef c? e^ 



~ d e. a a J tj u~ c 



d2 



~ d a af de a" 



-1 



Ri2 = -^Riii), 



~ d e ef de e^ 



and the (3^^> j^p = leads to 



•r^ z^ _ d d , , a . 

^'^'^ = 2/ S '"<?)• 



(3.53) 

(3.54) 
(3.55) 
(3.56) 

(3.57) 
(3.58) 



= (-2 



^ 



Q^M 



■m'%P + i-ir+^+^(^+p) &"[hmnp^ 



(3.59) 



^f ^pj = 0. 



The dilatonic contribution to the fS^"^' is 

(^<^)2_V2<^= (^M(^)(^*^(^)- ^M^ 



<— 



^^^ 



'hr 



"d . "d 



(-i)--^-l(^ J^)(^ J^) - (^ J^)^ + (^ J.)fV. 



/ 



d 2e d c? 2e2 a/ e/ 2de 



(3.60) 



Finally, by substituting the relations ( 3.53D -( |3l60| ) into the Eqs. ( 3.5[1| )-( |332 ) we obtain 
the following equations: 



dt a e 2af ef 6a2 3e2 



d ,d 2e, df ef d2 e^ 



d ,d d/ 3d2 3de 
dt a 2af 2a? ae 

d e ef 3de 3e^ 
dt e 2ef 2ae e^ 
da e df ef 3de 3d^ 3e^ 
Jt^l^^~e'~2^~2^^2^e~2^^~^^ ' 



(3.61) 
(3.62) 
(3.63) 
(3.64) 



11 



d .a 2e, af ef 3ae 
dt a e 2af ef ae 



5a^ 



17e^ 



6a^ 6e^ 
Now, by combination of Eqs. ( p.61 ) and ( 3.65| ) we find the following constraint: 



^ln(a(t)) = ^-ln(e(t)), 



(3.65) 



(3.66) 



and the result of combination Eqs. ( |3.62[ ) and ( 3.64[ ) is Eq. ( ^.63 ), then by substituting 
the constraint ( |3.66D into Eq. (3.63), we obtain the following equation: 

ln(e(t)) - -- ln(e(t))- ln(/(t)) - ^- '- - ln(e(t)) = 0, 



dt^ 



where the general solution for the above equation has the following form: 



e{t) = cie 3(i±v^)^ 
for which we obtain the following special class of solutions 



{i) : a{t) = clqc 



(9±V^) 



in)-- 



aot 



9±V5 



P«0t 



a{t) = ao{t- Po) 12 



e{t) = eoe 
e{t) = eo(t-/3o)^ 



~ -3{l±v^) - , 



fit) 



(t-/3o)^ 



(3.67) 

(3.68) 

(3.69) 
(3.70) 



where do, eo, /o, ao and /3o are real constants. Using the following form of the metric of the 
dual model 



dr = fit)dr + a{t) dx 



^2 



"'^^''^ dtjjdx - -^ dxdi! - e{t) d'ipd~x + e{t) dxdip, (3.71) 



2 " 2 

and after some calculations one can obtain the general form of the Kretschmann scalar 
invariant for the dual model as follows: 

d/ ^ n2 X 2 

'^2^ J 



K 



1 

P 



d d^ 
JtW 



2af 



+ ^Y + 2(:;:C-) 



d e, 
'Vdte 



d2e2 



2e/^2e2j '^ 2a^e^ 



e^Y 



+ 



3e^ 
4e4 



For solutions (i)^, iH)-^ and (ii) the Kretschmann scalar invariant is given by 



K, 



{iy 



(269±lll^/5)a^ 4(i±v^)«o* 



fo^ 



K, 



(uy 



K, 



22.82 , ;; xi+V5 
^(i-/3o)^, 

2.28 1 



(ii)- 



ys-i 



/o (i-/3o) — 



(3.72) 

(3.73) 

(3.74) 
(3.75) 



We see that in the latter case the Kretschmann scalar invariant is singular for the point 
t = /3q; therefore this singular point is essential. Note that the form and coefficients of 
the Kretschmann scalar invariants for the original model and its dual are the same for all 
solutions and as we expect the feature of essential singularity of the metric of the model 
and its dual are preserved under duality, because duality transformation is a canonical 
transformation . 
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4. Conclusion 

In this paper, as a continuation of Ref. |^ we extended the results of Ref. [Q] to the 
super manifolds by using of the formulation of Poisson-Lie T-dual sigma models on super- 
manifolds. Then, using this formalism we constructed 1+1 dimensional string cosmological 
models as an example which has super Poisson-Lie symmetry. Also one can construct other 
models by using other Lie superbialgebras^ such as {Cp^Q,Qa,f3,'y) and {Cp^_i,Ga,(S,'y) of 
Ref. fl^. Furthermore, in this way one can construct the 2+1 and 3+1 dimensional string 



cosmological models that have super Poisson-Lie symmetry |18 
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A. Some properties of matrices and tensors on supervector space and 
supermanifolds 

In this appendix we collect a few relevant details concerning properties of matrices and 
tensors on supervector space which feature in the main text, appear as supertranspose, 
superdeterminant, supertrace, etc [^. 

We consider the standard basis for the supervector spaces so that in writing the ba- 
sis as a column matrix, we first present the bosonic base, then the fermionic one. The 
transformation of standard basis and its dual basis can be written as follows: 

e'i = {-lyKi ^e„ e'' = R-'"' , e\ (A.l) 

where the transformation matrix K has the following block diagonal representation Q 

C \ 



K 



D 



B 



(A.2) 



where A^B and C are real submatrices and D is pure imaginary submatrix^. Here we 
consider the matrix and tensors having a form with all upper and lower indices written in 
the right hand side. 

The transformation properties of upper and lower right indices to the left one for general 
tensors are as follows: 

'Tl=T^„, ,Tt = {-l)^T%,, (A.3) 

Let K, L, M and A'^ be the matrices whose their elements indices have different positions. 
Then, we define the supertranspose for these matrices as follows: 

K'^ ^j = {-if Kj \ Li ^ = {-if V i. 



*Note that these Lie superbialgebras have zero supertrace for the adjoint representation of the generators 
so that in this way the conformality is preserved under duahty transformation |l6[ . 
^For further details, one may refer to DeWitt's book [H], p. 24. 
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Mt = {-ly^ Mj 



j^stij ^ (_i)«i ]S[i\ 



(A.4) 



For the matrix K whose elements {K^ have the left index in the lower position and the 
right index in the upper position, we define the supertrace as follows: 



strK = {-l)\K' = Ki\ 
when K is expressed in the block form ( [A .21 ) the supertrace become 

StrK = trA - trB, 
where 'tr' denotes the ordinary trace. 



(A.5) 



(A.6) 



If the submatrix B in the block form ( A.2 ) is a nonsingular, then the superdeterminant for 
the matrix K is defined by 



sdet 



D 



C 



B 



det{A - CB-^D){detBy^, 



(A.7) 



and if the submatrix A is nonsingular, then 



sdet 



D 



C 



B 



{det{B - DA-'C))-' (detA) 



(A. 



If both A and B are nonsingular, then the inverse matrix for ( A.2 ) has the following form: 

-1 



A 



D 



C 



B 



A-^CB-^D)-^A- 



-(!„ - B-^DA-^C)-^B'^DA- 



(hn - A-^CB-^D)-'^A-^CB-^ 



{ln-B-^DA-^C)-^B-^ 



(A.9) 
where m and n are dimensions of submatrices A and B, respectively. 

If / be a differentiable function on R™ x RJJ (R^ are subset of all real numbers with 
dimension m and R" are subset of all odd Grassmann variables with dimension n), then 
relation between the left partial differentiation and right ones is given by 



X/ = (-1)^(1/1+1) f—^ 



dx 



dx^ 



(A.IO) 



where |/| indicates the grading of /. 

If / be a scalar field, X = ^* q-t a contravariant vector field and lo = Wjdx* a covariant 

vector field, then one finds covariant derivative in explicit components form as follows: 



^ 



/^.= i-iy\f\^j = f£, 



,.^ 



x'^j = (-iy(i^i+^) ^jX' = x'^ + (-i)'=(^+i)x^r 



uji^^ = (_i)i(l-'l+^) ^. 



dx^ 



kji 



(A.ll) 
(A.12) 
(A.13) 
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where F' -f^ are called the components of the connection V. 

If the supersymmetric matrix aGb (its inverse denotes to G and G = (— 1) G ) be 
the components of metric tensor field on a Reimannian super manifold, then, in a coordinate 
basis, the components of the connection and Reimann tensor field are given by 



pAf 



NP 



(-1)^ G'''^Tqmp 



(-1/ 



.qMQ 



^q^t^zp + (-i)^^G'qp- 



(-1) 



Q{N+P) 



Gnp 






dx^ 



Q^Q 



(A.14) 



R' 



JKL 



-r'jK 



d 
dx^ 



+ (-1) 



KL-rl 



d 



JL 



dx^ 



+ (-i)^(^^^)r\,^r 



M 



JL 



- (-i)"^"+^+"')rVLr^^, (A.15) 

also, for the curvature tensor field, the Ricci tensor and the curvature scalar field we have 



M 



RlJKL = GimR JKL 



Rij 
R 



_^.KiI+l) j^K 



IKJ 



R 



M 



M 



Stv{RMNG'''') 



(A.16) 
(A.17) 
(A.18) 



To lower and raise indices denoting tensor field components, one can use of the tensor fields 
G and G~^ as follows: 



^^1,-, 



c 



Bi,-,Bs 



i\(E+C)(Bi,---,Bs)rr n 

■1) ^'i~Au-,Ar,E,Bx,-,BsG 



EC 



(A.19) 
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